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BULLETIN OF THE 


AMERICAN MATHEMATICAL SOCIETY. 


CRITERIA FOR THE IRREDUCIBILITY OF FUNC- 
TIONS IN A FINITE FIELD. 


BY PROFESSOR L. E. DICKSON. 
(Read before the American Mathematical Society, September 3, 1906.) 
1. THEOREM. A necessary condition that 


shall be irreducible in the GF [p"], p> 2, is that its discrimi 
nant * be a square or a not-square according as m is odd or even. 

If f(x) =0 is irreducible its roots are “(i=0, 1,--., 
m—1). Its discriminant is therefore the square of P, where 


For j<m—1, we have f 7%, But = —S 
Hence 
pr =(—1)”"'P, 


so that P equals a mark of the GF[ p"], p > 2, if and only if m 
is odd. 

Remark. The condition is also sufficient if m = 2. 

2. Lemma. The necessary and sufficient condition that a 


cubie shall have one and but one root in the GF[ p"], p>2, is 
that its discriminant be a not-square. 


* Asin the theory of algebraic equations, it is here convenient to designate 
as the discriminant the product of the squares of the differences of the roots. 
Most writers on cognate subjects insert the factor (— 1)4™"—, and some in- 
sert also the factor 1/m™. 
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2 IRREDUCIBILITY IN A FINITE FIELD. [Oct., 


The condition is necessary. For, if the cubic has a linear 
and an irreducible quadratic factor, its roots are 


Yo 


Then its discriminant A equals 7’, where 


CA YY, y2"), = — 7. 


Since 7 is not in the GFT[ p"], p > 2, Ais a not-square. 

The condition is sufficient. For, if A is a not-square, the 
cubic is reducible (§ 1). But not all three roots lie in the 
GF[p"], since A would then be a square in the field. 


3. THEOREM.* The necessary and sufficient conditions that 
(2) + Be+b=0 
be irreducible in the GF[p"], p> 3, are the following two: 
(3) R=—4f*°—27b’=a square +0 in GF[p"], say R=81p’; 
(4) VY —3)=a not-cube in the field (GF [p"], V—3). 


We suppose that the necessary condition (3) is satisfied. In 
(2) set x =y— B/3y. Then 


(5) + by’ =— R/27 = — 3p’. 


Now — 3 is a square or a not-square in the GF[p"], p> 3, 
according as (x* — 1)/(2— 1) =0 is or is not solvable, i. e., 
according as p" — 1 is or is not divisible by 3. 

First, let p" be of the form 3/ + 1, so that — 3 is the square 
of amark rin the GF[p"]. Then (5) gives y° = 3( — b + yr). 
If the second member were a cube in the field, (2) would have 
a root in the field. Hence (4) is a necessary condition for 
irreducibility. Further, it is a sufficient condition. For, if 
3(— + pz) is a not-cube v, = v is irreducible in the GF[ p"]. 
The same is true of (2). Indeed, if it had a root x in the field, 
then y would satisfy the quadratic x = y — By’/3v, in contradic- 
tion to the irreducibility of y° = v. 


* From 22 2, 3, we deduce compiete criteria for the nature of the roots of 
& cubic. 
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Next, let p” be of the form 3/ + 2, so that 7? = — 3 defines 
the GF[p™]. If 


3(— 6 + pr) =(r +t)’, rand sin the GF[p"], 


3(— 6 — pr) = (r — 
The product of the left members equals — A*/27. Hence 


then 


y=r+ear, —B/3y=r—st, x=2r, 


so that (2) would be reducible. To show that (4) is also a 
sufficient condition, let 3(— 6 + wr) be a not-cube v in the 
GF[p*]. Then if (2) had a root x in the GF| p™], y would 
satisfy two equations with coefficients in this field, z=y— fy’/3v, 
y* = v, whereas the latter is irreducible. 

4. When p” = 3/ + 2, there are 3(p*” — 1) not-cubes * v in 
the GF[p*]. Fora given v, marks 6 and B of the GF[p"] 
are uniquely determined by the condition 3(— 6 + pY — 3) =», 
viz., 

—b=v+rv", —f/27=v"', 


By the latter, 8 = — 3f/*', where f?=1. Then A” =8 if 
and only if 


= 1, B= — 


The values of 6 and 8 are unaltered by the replacement of v by 

either v or v”", but at least one is altered by any new replace- 

ment. When p" = 31 + 2, there exist exactly 4(p™” — 1) irre- 

ducible cubics (2) in the GF[p"] ; these are given by 

(6) =0 (v a not-cube in GF[ p™]). 
5. When p* = 3/ + 1, (4) requires that 


3(b+4V—3) = 
(v a not-cube), 


since the product of the first members is 6°/27. Hence 
b= /27 — », pV —3 = + v. 


* The powers of a primitive root with exponents prime to 3. 
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#or these values, (3) is satisfied. Now 6 is unaltered by the 
replacement of » by either v or — §°/27», but is altered by any 
new replacement. Separating the cases 8 + 0, 8 = 0, we ob- 


tain 

4-4(p"— 1)(p"— 1) + — 1) = — 1) 
sets v, 8 giving distinct sets b, 8. When p* = 31 +1, there 
exist exactly $(p™— 1) irreducible cubics (2) in the GF[p"]; 
these are given by 
(7) 2+ Be+ B°/27v—v=0 (B arbitrary, v not-cube). 


6. We may otherwise determine the number of irreducible 
cubics in the GF[p"]. We enumerate the reducible cubics (2). 
First, let there be three linear factors x — Sp where f, + J, 
+f,= 0. Consider in turn the cases: (i) every f, = 0; (ii) a 
single f,=0; (iii) each f + 0, two equal; (iv) each f, + 0, 
all distinct. For the first three cases, the number of cubics is 


1 + + (p"— 1) ifp>2;14+ (p*—1)4+0 if p=2. 


For case (iv) it suffices to take as f, any mark + 0, for f, any 
mark distinct from 0, — 2f,, — the last three not 
occurring if p = 2, and the last two being superfluous if p = 3. 
The number of cubies for case (iv) is thus 


1)(p" — 5) ifp>3, 3(p*—1)(p"— 3) ifp =3, 
é(p" — 1)(p" — 2) if p =2. 


The number of cubics for cases (i)—(iv) is therefore 
1+ 4)ifp +3, 14 3(p"—1)(p" + 6) ifp=3. 


Finally, let the function be (x —f)\x* + fx + g), where the 
last factor is irreducible. The number of these functions is 
3p"(p” — 1), since, of the reducible quadratics, p* have equal 
roots and 3p"( p* — 1) have distinct roots. 

Hence the total number of reducible cubics (2) is 


H2p" +1) ifp+3; +p") ifp=3, 


But the total number of cubies (2) is p”. Hence the number of 
irreducible functions x*° + Ba + b in the GF[p"] is 3(p* — 1) 
if p + 3, and 3(3” — 2°) if p = 3. 
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7. It remains to exhibit the 4(3*— 3") irreducible cubics 
(2) in the GF[3"]. It is known* that 


(8) — 
is irreducible in the mes if, and only if, 
(9) Bro + 4...4+ BP+B+0. 


Now if then A, = eA, B, =f, 
where =1. But. if B satisfies condition (9), thet also «8B 
does. Hence the number of distinct irreducible functions (8) 
is 
(p* — 1) (p*— + (p—1) = 

Hence for p = 3 every irreducible cubic (2) is given by (8), (9). 

8. Consider next the quartic 
(10) + be? +ern+d=0. 
Its discriminant equals that of the resolvent cubic 
(11) — + (ace — 4d)y + 46d — = 0.7 
When (10) is irreducible in the GF[ p"], its discriminant is a 
not-square (§1), so that (11) is reducible. To verify this result, 
let 

be the roots of (10). Then (11) has the roots 
Hence Ys" = But y,+ Hence 
when (10) i is irreducible in the GF p"], its resolvent cubie has a 
single root in the field. 

Now (11) may be written in the form 
(11°) (ty? — d)(a’ — 4b + 4y) = (ay — 
But a? — 4b + 4y, =, where 

t= — — — 

Hence t is not in the GF[ p"], p > 2, unless t = 0. 

* Dickson, Linear Groups, p. 29. 
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9. We first dispose of the special case ¢ = 0. Then, by (11), 
a?—4b+4y,=0, jay,=—c. 
Eliminating y,, we get 
(12) c= ab — a’. 
Then the quartic (10) may be written in the form 
(13) (27+ k= 


Then & must be a not-square; otherwise, the quartic would 
have two quadratic factors with coefficients in the GFT[ p"]. 

Suppose that this condition on & is satisfied. In view of 
(13), the quartic has no root in the GF[p"]. It remains to 
find the further conditions in order that (10) shall not be the 
product of two quadratic factors in the field. Such factors, 
when existing, must be of the form 


2° 
where 


(14) s+ ds? + }4a?—r’=b, s(fa—r) +ds"(fa+7r) 


Multiplying the first by 3a and subtracting the result from 
the second, we obtain, in view of (12), 


(15) r(ds-' —s + far) =0. 


If r = 0, (14,) becomes (28 + }a?— 6)? = 4k. Hence r + 0. 
Ifa=0, then s’=d. Ifd is a square, (14,) is satisfied when 
r? equals + 2/d—b; but one of these values is a square, 
since their product equals the not-square 4k. The result for 
this case is stated in the corollary below. Let next a + 0. 
If we eliminate r between (15) and (14,), we obtain after 
simple modifications 


2 


There exist solutions s in the GF[ p*] if and only if w isa 
square. In fact, when w is a square, s lies in the field if 


(40? + Jaw)? — 4d 
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isa square. But the product of these two expressions is seen 
to equal the not-square }a‘k, so that one is a square. 
THEOREM. [If the coefficients of the quartic (10) satisfy (12), 
it is irreducible in the GF[p"], p > 2, if and only if (45 — 4a’)? 
—d and -,a* — a*b + 16d are not-squares. 
Corollary. In the GF[ p"], p> 2, + ba? +d is irredu- 
cible if and only if b* — 4d and d are not-squares. 


10. THEOREM. The necessary and sufficient conditions that 
a quartic (10), not satisfying (12), be irreducible in the GF[ p"], 
p > 2, are that the resolvent cubic shall have* one and but one 
root y, in the GF[p"] and that a* — 4b + 4y, shall be a not- 
square. 

These conditions are necessary by § 8 since now ¢ + 0. 

It remains to prove that these conditions are sufficient. 
Since there are three ways of separating the four roots into 
pairs, there are exactly three sets of two quadratic factors of 
(10), viz., 


+ + =F (day, — e)/t; =0 (= Y;)- 


Note that under the assumptions each ¢, + 0. Ifa pair of fac 
tors have as coefficients marks of the GF[p"], then y, and ¢; 
belong to the field. But y,, y, and ¢, are not in the GF[p"]. 
Hence there is no decomposition into quadratic factors in the 
field. Finally, we show that there is no linear factor. The 
quartic may be written in the form 


X? = (a? —4b + 4y,)Z*, X= a? + fax + hy, 


a® — 4b + 4y, 


If the quartic has a root x in the field, then X= Z=0. 
To prove that this is impossible it suffices to set a = 0, as may 
be accomplished by a transformation of the quartic. Then 

3y,=0, $¢—c/(4y,—4b)=0 
require that 
(16) y; — + by, + = 0. 


* We may replace this condition by the condition that 4 shall be a not- 
aquare (¢ 2). 


A 
Tis 
| 


8 EQUATIONS IN A MODULAR FIELD. [Oct., 
On eliminating first y? and then c? between (16) and (11), and 
in the latter case removing the factor y, — 6 +°0, we get 


(17) by? —b*y, —4dy, + 3y?—2by, —4d=0. 


But the Sylvester eliminant of these is found to equal — 3A, 
where A is the discriminant of (11) fora =0. Hence the case 
p +3 is excluded. For p=3, by, =d+0; but for this 
value of y, (11) becomes A= 0. Hence in every case the con- 
ditions are sufficient to make the quartic irreducible. 


UNIVERSITY OF CHICAGO 
June, 1906. 


ON THE THEORY OF EQUATIONS IN A 
MODULAR FIELD. 


BY PROFESSOR L. E. DICKSON. 
(Read before the American Mathematical Society, September 3, 1906.) 


1. The object of this note is to point out that the Galois 
theory of algebraic equations may be extended to equations in 
a field F having a modulus p. For a finite field the theory is 
so obvious that this case furnishes a simple, but characteristic, 
example of the Galois theory. 

2. Let the domain of rationality be the GF i! p"|. Consider 
an equation f(x) = 0 with coefficients in this field and having 
distinct roots x,,---, 2,- By a Galois resolvent of f(x) = 0 will 
be meant an equation ¢(V) =0, irreducible in the GFT p"], 
with a root V which is a rational function of 2,, ---, x,,, and 
such that each x, is a rational function of V with coefficients in 
the field. Let m,, m,,--- be the distinct degrees of the irre- 
ducible factors of f(x) in the GF[p"], and let J be the least 
common multiple of m,, m,,---. Then the smallest field 
which contains all the-roots x; of f(x) =0 is the p™]. 
Any primitive root of the latter may be taken as the desired 
function V. In fact the power (p” — 1)/(p"™—1) of Visa 
primitive root p,of the GF p"™], so that the x’s are powers 
of p,, p.,--- and henceof V. Further, Vis a rational function 
of the p’s and hence of the x’s. Indeed, if m, and m, have the 
greatest common divisor g and the least common multiple i, an 


j 
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irreducible equation of degree m, decomposes in the GF[ p””] 
into g irreducible equations, any one of which defines the 
GF[p™], so that the marks of the latter are rational functions 
of p, and p,. 

The Galois resolvent ¢(V) = 0 has the m roots 


ve" (i = 0, 1, ---,m—1). 


Hence the Galois group of f(x) = 0 in the GFT[ p”] is simply 
isomorphic with the cyclic group of order m generated by the 
substitution 

V' = Vr. 


3. One standard method (following Galois) of obtaining the 
Galois resolvent of an algebraic equation of degree m in a 
domain of rationality R depends upon the existence of an m! 
valued rational function V of the roots x, When RF is the 
GFT p"], this method cannot be applied unless p” exceeds a 
certain limit. For example, if all the 2’s belong to the 
GF[p"], V evidently does not exist when m!>p*. Again, 
if the irreducible factors of f(x) are all of degree=2, V does 
not exist when m!>p™*. Except for certain values of p”, 
small in relation to m, there exists an m! valued function V 
and the theory presents no difficulty.* 

4, There is an interesting point in the determination of an 
m! valued linear function of the distinct roots x,, ---,x,. It 
is illustrated in the casem=3. If t= ax, + Bx, + is six 
valued, so is t — y(x,-+2%,+,) six valued. Hence we may 
restrict our attention to V = gz, + x,. The necessary and suffi- 
cient condition that V be six valued is that q be distinct from 


0, 1, (x, — 73)/(@, — — — — #2) /(%, — 


and the reciprocals of the last three. Denoting the first of these 
fractions by A, we find that the other two are 1 — 2 and 


* In a discussion of the Galois group of order N (cf. Dickson’s Algebraic 
Equations, p. 53), there is a proof that if ¢,=9¢,—---—y, then ¢,= 
N-1(9,-+----+¢n)=N-—1 (a number of R). This step would now be in- 
valid if Nis a multiple of the modulus p. But we may proceed as follows: 
Let N=p'k, k prime to p. Take the wC, = p*—, products 7; of the ¢’s p at 
a time; take the p*—?k, products 7’; of the 7: p at a time; etc. Finally, 
we reach k,g?* as a symmetric function of the ¢;.° But k, is prime to p, and 
the extraction of (p*)th roots is possible in the field. 


= = 
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A/(A— 1). Hence 
a 


rA—1 
(1) g#0, 1,4, 1-A, (A + 0, 1). 


Here the six functions of » are the six elements of the cross- 
ratio group, and each differs from 0 and 1. Hence equalities 
arise only when A = — 1, 2, or 4, or when 7 —-A+1=0. 

When x,, 2, &, are distinct, gu, + x, is six valued only in the 
following cases: (i) one of the x’s is an arithmetical mean be- 
tween the other two, with q +0, 1, —1, 2,4; 
with q + 0,1, A, (where —A + 1 =O); (iii) neither of 
the relations on the x’s holding, with q not equal to one of the 
eight distinct values (1). 

It may now be readily shown that there exist six valued 
linear functions of the roots x, of a cubic in the GF[p"] when 
p">8; when p*=7; and when p* = 5 or 8, with the x, not 
all in the GF[p"]. 

5. In conclusion it may be remarked that the Galois theory 
as presented in Weber’s Algebra may readily be extended to 
apply to modular fields, provided his argument on page 500 (of 
volume 1 of the second edition) be replaced by that in § 2 above. 


THE UNIVERSITY OF CHICAGO, 
July, 1906. 


NOTE ON THE VARIATION OF THE DEFINITE 
INTEGRAL. 


BY MR. N. J. LENNES. 


(Read before the Chicago Section of the American Mathematical Society. 
April 14, 1906. ) 


A function is said to be of limited variation on an interval 
ab if the set of sums 


is bounded for the set of all partitions of ab. The points 
U = Ly Ly LZ, 4) Z, of each partition are ordered on 
the interval according to the subscripts. The least upper 


} 
| 
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bound of this set of sums is denoted by V° f(x) and is called 
the variation of f(x) on ab. We consider the variation of 


S (x)dx 


is a function of the upper limit of integration. Denote this 


variation by 
sede. 
THeoreEM I. If f(x) does not change sign on ab then 


exists on ab and 4 


= | de. 


Proof: The theorem is obvious since for every partition of 
ab consisting of n + 1 points 
= 


S(x)dx 


For convenience of reference a definition of the definite integral 
is inserted. Let ab be an interval upon which a function 
J() is defined, single valued and bounded. Let 7; “eee for 
any partition of ab consisting of the points x, = a, x, ---,%,_1, 
x,=b6 such that Av=a2,—a, ---, Aw 
=b—zx,_,, each interval being numerically less than or equal 
to 6. Tet £, &, ---, &, be any points of the intervals 2,z,, 


on an interval ab, where 


If the many valued function S; of § approaches a single limit- 
ing value as 6 approaches zero, then 


A 
| 
| 
} 
| 
| 
| 
= 
| 
| 
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b 
L&= 
6=0 a 
S°5 represents the sum S, over the interval ab. . 
Lemma I. The function S, in the definition of the definite 
integral approaches its limit uniformly with respect to x, i. ¢., for 
every ¢ there exists a 8, such that 


— sep, 


for every S85, and for every pair of points x, and x, on ab. 
Proof: Since by hypothesis 


= 

620 a 
here exists for a given ¢ a 8, such that 
(1) S(x)dx — 
for every S?5.... Then for any pair of points x,, x, on ab 

| 


Since f(x) is integrable on az, and 2,b, it follows that there 
exists a 6,. for ax, and a 8”, for x,b such that 


@) | — + — 82.3%, 
Then from (2) and (3) 
(a) dx S25 


Hence 8,,. is the 5, required by the lemma.* 

Definition : The difference between the least upper and the 
greatest lower bound of a function on an interval is the oscil- 
lation of the function on that interval. 


<e 


<e¢/2. 


<<€, 


4, 2 is 80 chosen that and 5.267, the atgument is a 
little more obvious, though this restriction is not necessary. 


| 
| 
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Lemma II. Jf the oscillation of a function on an interval ab 
is less than €/2 then for any two partitions 7 and 1’ of ab 


when n and n’ are the numbers of intervals on the partitions + 
and tr’ respectively. 


Proof: Let B be any value of f(x) on ab. Then for any 
interval xx;,, of the partition + 


Hence 


Q) 


Similarly for any interval x{x‘,, of the partition 7’ 


€ 


— B- | Ax |. 


Hence 

LAE — B-(b—a)| <5 
and 


From (1) and (2) we have 


Tueores II. If f ‘fla)der exists, then exists 


and 


Proof: Since for any two values of x, x, and x, on ab 


| 
| 
| 
4 
j 
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and since by a well-known theorem 


exists if 


exists, it follows from (1) and Theorem I that 


exists and that 
(2) Vif ae. 


It remains to show that the sign <in (2) is impossible. 
Since f(x) is integrable on ab it follows by a well known 
theorem that for any pair of positive numbers o and 2 there 
exists a partition 7 such that the sum of the intervals on which 
the oscillation of f(x) is greater than o is less than A. 

For a preassigned € let X = e/M, where M is the difference 
between the least upper and the greatest lower bound of f(x) 
onab. Leto=e/4|b—a|. Denote by J the set of intervals 
on ab on which the oscillation is less than o and by I’ the 
complementary set of intervals. Let n be the number of inter- 
vals in I. By Lemma I there exists a 8 such that 


€ 
(3) S(x)da — 828) < on 


for every pair of points x, and x, on ab and for every 87:6. 
Let x,, 2, be the extremities of a segment of the set J. By 
Lemma II 


| € 


Denoting the integrals on the segments of the set I by 


S(x)dx, 


| 
| 
b 
Vil f(x)dx 
a 
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the lengths of the segments by A,, and the sums S, on the 
segments of I by S3, we have from (4) 


<5 


where 2n — 1 is the number of extremities of the segments of 
I and where j takes only odd values. 
Then from (3) 


2n—1 n | € 
<§, 
j=l i=1! Ji 2 


since if 
then 
| — < 
Hence 
Since 


= 
6=0j=1 i 
and since ¢ is arbitrary it is evident that the least upper bound 


of 
>| f 


j=l 


for the set of all partitions of I cannot be less than 


denotes the integral on an interval formed by partitioning an 
interval of J.) 


(where 


} 
j=m-1 
> 
| 
aie 
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Since the sum of the lengths of the interval on which the 
oscillation is greater than o is less than \ = e/M and since by 
a known theorem 


i=l dy 


(where 


denotes the integral on a segment of J’) it follows from the 
arbitrary character of ¢ that the least upper bound of 


[= "fade | 


for the set of all partitions of ab cannot be less than 


frees, 


which proves the theorem. 

Definition: The length of a curve represented by the equa- 
tion y = f(x) on an interval ab is the least upper bound of the 
set of sums 


for the set of all partitions a = 2,, x,, ---, #,_,, of the 
interval ab, where y, corresponds to x, by the functional corre- 
spondence y = f(z). 

TuHeoreM III. Jf on the interval ab and on every subinterval 
of ab the functions f(x) and f,(x) are of equal variation then the 
curves represented by y = f(x), and y = f,(x) are of equal length 
on the interval ab. 

Proof :. Consider any partition 7 of ab consisting of the points 
x({i =0,---,n). Then 


is one sum of the set of sums whose least upper bound is the 
length of the curve y = f(x) on ab. 


| 
| 
| 
| 
y 
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By hypothesis f\(x) and _7,(x) are of the same variation on any 
interval x,2,,,0f 7. Obviously the variation of on x, 2,,, 
is equal to or greater than | f{(2,) —f(x,,,)|- Let ¢ be any 
preassigned positive number and let e’ = €/n where n is the 
number of interval in the partition 7. Then there is a partition 
mw, of x, %,,, consisting of the points x, = Xj, 
= such that 


By means of a broken line whose segments are equal in 
length to the lengths of the segments connecting the points 


(x, and (a,,,, connect the point f,(x,)) with 
a point (x,,,, y,) on the line x = ,,, in such manner that the 
slopes of these segments are, say, all positive. Then by (1) 
(2) 

Hence obviously 


(3) + [A@) 


Let 7”, consisting of the points x, = a, x,, ---, 2, ---, 2, = b, 
be the partition of ab containing all the points of the parti- 
tions 7r’, of the intervals x,x,,,, and let n” be the number of in- 
tervals in this partition. Then from (3) 


By a well known theorem the lengths on ab of the curves 
y =f,(x) and y =f,(x) both exist, since the functions are of 
limited variation. Moreover, it follows from (4) that the 
length of the curve y = 7,(x) cannot be less than that of y = f(z), 
e being arbitrary. In the same manner it is shown that the 
length of the curve y = 7,(x) cannot be less than the length of 
the curve y = f(x). Hence the curves are of equal length and 
the theorem is proved. 


2. 
| 
€. 
= 
= 
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Theorems II and III yield the following interesting 
CoroLuary. If f(x) is such that 


= fe) fa) 


on ab then the length on ab of the curve y = f(x) can be found 
by finding the length of the curve 


y= @lae 
on this interval. 
Proof: Ry Theorem II the curves 


y= [ and y= 


have the same variation on ab and on every subinterval of ab, 
whence by theorem III their lengths are equal. 

This corollary reduces the problem of finding the length of 
a curve of the class specified in the corollary to the finding of 
the length of a non-oscillating curve. 

We now use theorem IT to give a fresh proof of a theorem 
on improper definite integrals. 

Definition: A function is integrable at a point x, if there 
exists an interval containing x, as an interior point on which 
J() is properly integrable. (A function is properly integrable 
on‘an interval only in case it is bounded on that interval.) 

Consider a function f(x) which is integrable at every point 
of the interval ab except at a set of points [P] which is of 
content zero.* 

Let [J] be any finite set of non-overlapping intervals on 
ab such that no point of [P] lies on an interval of [J]. Then 
the integral of f(x) exists properly on every interval of [J]. 
Denote by 


the sum of the integrals of f(x) on the intervals of [J]. 


* A set of points [ P] is of content zero if for every positive number ¢ there 
exists a finite set of intervals [J’] such that every point of [P] lies on at 
least one interval of [J’] and further such that the sum of the lengths of the 
intervals of [J’] is less than e. 


| 
| 


fi 
al 
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Denote by m[J] the sum of the lengths of these intervals and 
let D = |a — 6}. 
If the limit 
b 
SJix)dx 
Jar 
exists and is finite, this limit is said to be the improper definite 
integral of f(x) on ab. 
THEOREM IV. The improper definite integral regarded as a 
Junction of the upper limit of integration is of limited variation 
on any interval ab. 
Proof: Since by hypothesis the improper definite integral of 
J(x) exists on ab it follows that there exists an M such that for 
every set of interval [J] 


re S(x)dx 


If the theorem fails to hold, 7. e., if for every M’ there is a 
partition 7 of ab such that 


(2) 


then for a certain subset x, x,,, of the set of interval x, 2, 


(The integrals in (3) are improper definite integrals.) Since 
the improper definite integral exists on each of the intervals 
x, %,,, there exists a set of segments [J’] such that 


(1) <M. 


>M, 


n’ 


(3) 


If M’ = 2M then (4) contradicts (1). Hence the theorem is 
proved. 

THEOREM V. If the improper definite integral of f(x) exists 
on the interval ab then the improper definite integral of | f(x)| 
exists on ab. 


= | ) 
| 
| 
| 
| 
36 
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Proof: By theorem IV 


is of limited variation on ab. Hence there exists a number 
M such that for every set of intervals [I] 


V2 <M. 
But by Theorem IT, 


which proves the theorem.* 


CHICAGO, 
July 17, 1906. 


A NOTE ON TRANSITIVE GROUPS. 
BY DR. W. A. MANNING. 
(Read before the American Mathematical Society, September 3, 1906.) 


THREE unconnected topics in the theory of transitive sub- 
stitution groups are touched on in this note. 


TueoreM I. The largest subgroup of a transitive group G 
of degree n, in which a subgroup H leaving fixed m (0 <m <n) 
letters is invariant, has as many transitive constituents in these m 
letters as there are different conjugate sets in G, (a subgroup of G, 
that leaves one of the m letters fixed) which, under the substitutions 
of G, enter into the complete set of conjugates to which H belongs. 
Moreover, the degree of each of these constituents is proportional 


*For a general discussion of the improper definite integral see E. H. 
Moore, ‘‘Concerning Harnack’s theory of improper definite integrals.” 
Transactions Amer. Math. Society, volume 2, pp. 296-330, and pp 459-475 
same volume. See also references given in this paper by Professor Moore. 
For a proof of Theorem V. of the present note see Jordan, Cours d’analyse, 
ed. 2, vol. 2 (1894), pp. 46 ff. 
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to the number of subgroups in the several conjugate sets of G, in 
ion.* 

Let g be the order of G, and let those conjugates of H, which are 
found in G,, lie in « different sets, in so far as they are permuied by 
the substitutions of G, only, with ¢ conjugates in the set including 
H, ¢, in a second set, and soon. In G,, His invariant in a sub- 
group of order g/nc, while H,, a subgroup in the second set, 
is invariant in a group of order g/nc,. The largest sub- 
group I of G in which H is invariant is of order gm/no 
Now I does not connect transitively 
the n — m letters displaced by H and the m letters it leaves 
fixed. Since the largest subgroup of G, in which H is invari- 
ant is of order g/nc, I has one transitive constituent of de- 
gree (gm/no) +(g/nc) = me/o in letters left fixed by H. 
The group H, is transformed into H by some substitution S 
not in G,. Then in the subgroup G, = S-'G,S, H belongs to 
a set of g/nec, conjugates (conjugate under the substitutions of 
G,). Hence I has a transitive constituent of degree me, / 
in letters left fixed by H. Continuing thus, we see that J has 
transitive constituents of degrees me/o, me,/a,---, me,_, / 
These constituents involve all the letters left fixed by H. This 
completes the proof of the theorem. 

Corotuary. If H is a Sylow subgroup of G,, I has a tran- 
sitive constituent of degree m. 


2. 


THeEorEM II. Jf the class of a t-ply transitive group (t > 3) 
is not less than n — 2t + 5, then the degree n is less than or equal 
to} (@—t+2)+(¢—1)! 

There are three cases to consider separately : 

G contains a substitution of order 2 and (1) of degree 
n—t-+ 2,(2) of degree n —¢+1, (3) of degree n—t—e 
(0 =e=t— 5). Since the subgroup of G that leaves fixed 
t — 2 letters is of even order, it always contains a substitution 
of order 2 falling under one of the three following categories : 

1. If there is one substitution of order 2 on just n — t + 2 
letters in G, there are at least [n(n — 1).--(n—t + 3)(n—t 
+ 1)}/({— 2)! The total number of transpositions involved 
in these substitutions is n(n — 1)---(n —¢t + 1)/2¢@—2)! Of 
these substitutions at least n(n —1)-:-(n —t + 1)/n (n—1) 


“ct Burnside, Theory of Groups (1897), p. 202, where a special is 
proved. 


ae 
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(t—2) ! have some particular transposition as (ab) in common. 
Again by the same reasoning at least n(n — 1).-.(n —t+ 1) 
(n — t)/n(n — 1)(n — 2)(n — 3)(t — 2)! that have (ab) in 
common have also a transposition (cd) incommon. Finally the 
number of these substitutions which have ¢ — 2 common trans- 
positions is at least 


a(n — 1)---(n — O(n — t — 2).- (n — + 8) 
(1) (ft — 2)! n(n —1)---(n — 2t + 6)(n — 5) 


That this number cannot be greater than unity comes from the 
fact that G is by hypothesis of class n — 2¢ + 5, while the 
product of two substitutions with ¢— 2 transpositions in com- 
mon is of degree less than or equal to n — 2t+4+ 4. This ine- 
quality is of the first degree in n, so that we obtain from it 


(2) n=}(C—3t+ 4) + ¢—2)! 


2. In case G has a substitution of order 2 and degree 
n—t+ 1, we get by the same process 


(t—1) !n(n—1)---(n— 2¢+ 6) (n — 2¢ + 5) =1, 


from which 
(4) n=}(t —t—2)+(t-1)! 
When t = 4, G is of class n — 3, and the above inequality 
gives n=1i. 
3. The inequality in this case is 
n(n—1) -++(n—t+ 1)(n—t—e)(n—t—e—2) --- (n—3t—e + 6) 
(t+ 1) (n)(n—1)---(n— 2t + 3) 
=1. 


(5) 


It is of the second degree in n, and gives 


(6) n =} (P— 3t—8 + 2te— 4e) + Y(t + 


The limit }(F—t+ 2)+(t—1)! is always the highest of 
the three. 

In-this connection it is easy to establish the following 

TueoreM III. [If the subgroup leaving t letters fixed in a t- 
ply (t > 2) transitive group G is of even order, the degree of 


df 
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G is less than re as unless the 
class is less than n — 2t + 3. 
The inequality 


n(n—1)---(n —t4+1)(n—t—e) (n—t—e—2) - - -(n—3t—e+4) 
n(n —1)---(n— 2t4 6) (n — 2¢ + 5) 


(t+)! 


e! 


where 0 =¢ =t—3, is found as before, and from it the 
theorem follows. 


3. 


Another theorem of value in the applications is the following : 

THEOREMIV. A doubly transitive group cannot contain an 
invariant imprimitive subgroup unless its degree is a power of a 
prime. Then the group is a subgroup of the holomorph of the 
abelian group of order p* and type (1, 1, ---). 

On pages 193 and 194 of his Theory of Groups Burnside 
proves that the invariant imprimitive subgroup H is of degree 
n and class n — 1 and that the n — 1 substitutions of degree 
nin H form a single conjugate set under G. Then by Fro- 
benius’s theorem on groups of “class n — 1,” H contains a 
characteristic subgroup of degree and order n which is abelian 
with all its operators of the same order. 


STANFORD UNIVERSITY, 
June 19, 1906 


DIFFERENTIAL GEOMETRY OF n DIMENSIONAL 
SPACE. 


Sur les Systemes Triplement Indéterminés et sur les Systemes 
Triple-Orthogonaux. Par C. GuicHaRD. Scientia, no. 25. 
Gauthier-Villars, Paris, 1905. viii + 95 pp. 

Durrne the past ten years the field of differential geometry 
has been greatly enriched by the researches of M. Guichard. 
The eminent geometer has made a profound study of the prop- 
erties of ordinary space by means of operations defined for 
space of n dimensions. He has introduced two elements 
depending upon two variables ; they are the reseau and the 
congruence. By definition, a point of space in n dimensions 


= - 
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describes a reseau, if its n rectangular coordinates are solutions 
of an equation 


In the customary terminology of differential geometry of 
ordinary space a reseau is evidently a conjugate system of 
curves upon the surface locus of these curves. A congruence 
is a doubly infinite system of straight lines which touch two 
series of curves, asin ordinary space. As thus defined, the lines 
of the congruence form two families of developable surfaces, 
a family being given when one of the variables is constant. It 
is not our purpose to discuss the beautiful theory which Guichard 
has developed by means of these two elements and set forth in 
two memoirs, “Les systemes orthogonaux et les systemes 
eycliques” (Annales de ? Ecole Normale, 1897, 1898, 1903), but 
merely to make this reference to it. For it is the application 
and extension of these methods to the case of triply indeter- 
minate forms which Guichard has developed in the book which 
is before us for review. This book is more of the nature of a 
syllabus than a treatise and the matter is so essentially new 
that it seems advisable to give an outline of its contents rather 
than attempt a critical review. 

In the present theory Guichard makes use of three elements : 
point systems, line systems and plane systems. The codrdinates 
of a point M in space of n dimensions being given in terms of 
three parameters u,, U2, u;, M describes a point system if, one of 
the parameters remaining fixed, the doubly indeterminate system 
described by Mis a reseau. In ordinary space a point system 
is therefore a triply conjugate system. A line system is formed 
by the tangents to any one of the curves described by M when 
only one of the parameters varies. A plane system is described 
by the plane of two tangents of a point system. 

If MT, denotes the tangent to the curve of parameter u, of 
a point system M, there are upon MT, two determinate points, 
say A and B, which generate point systems and for which M7, 
is tangent to the curves of parameters u, and u; respectively. 
Thus from a given point system we get six other point systems 
without quadrature, so that we have a transformation of point 
systems. Moreover, these new point systems are related among 
themselves in such a way, that if we go, for instance, from Jf 
along MT, to A, and then along the tangent at A to the curve 


06 06 
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Oudv + | Ov" 


1906.] DIFFERENTIAL GEOMETRY OF HYPERSPACE. 25 


of parameter u,, to the point F generating the point system for 
which AF is tangent at F to the curve of parameter u,, the line 
MF is tangent to the curve of parameter u, at F. Darboux 
considered these relations and called them transformations of 
Laplace (Lecons, [V° Parte, Chapter XII), as they are general- 
izations of the transformations of Laplace in the theory of con- 
jugate systems. We have remarked that these transformations 
form cycles of three. This fact is important as showing that a 
plane of two tangents to a point system bears the same relation 
to two other point systems. Consequently, a plane which gen- 
erates a plane system has three focal points, each of which gen- 
erates a point system. The lines joining them are the focal lines 
of the plane system ; and the three points, as M, A, B, on a 
line generating a line system are called its focal points. These 
definitions and the derivation of the properties of the defined 
quantities constitute the subject matter of Chapters I and IT. 
The latter contains also the definition of parallel systems. Two 
point systems are said to be parallel when their corresponding 
tangents are parallel. Similar definitions are given of the par- 
allelism of line and plane systems. The determination of 
parallel systems from a given one requires integration. In this 
connection the following fundamental theorem obtains: if two 
systems are parallel, the corresponding focal systems are 
parallel. 

With each system, whether point, plane or line, there are 
associated systems of the other two kinds in the following 
ways. A line system and a point system are said to be as- 
sembled, when the point M lies on the corresponding‘line A and 
as M describes the curve of parameter u, the line A envelops a 
curve of parameter u, at the corresponding focal point. A 
point system and a plane system are assembled when the foci 
of the plane are situated on the tangents to the corresponding 
curves of the point system. And a line system and a plane 
system are assembled when the generating line of the former 
lies in the generating plane of the latter, the foci of the former 
lying on the corresponding focal lines of the latter. A funda- 
mental theorem is that when two systems are assembled, their 
focal elements are assembled. For instance, if a point and line 
system are assembled, every focal plane of the point is assembled 
to a focal point of the line. There is also the following law of 
parallelism : if two systems are parallel, every system assembled 
with the one is parallel to a system assembled with the other. 


Be 
BE 
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In ordinary three dimensional geometry, if we have a triply 
conjugate systém of surfaces, the normals to these surfaces are 
parallel to the directions of the curves of intersection of other 
triply conjugate systems, and the determination of the latter 
requires the integration of a system of partial differential equa- 
tions of the first order. In Chapter IV, Guichard has general- 
ized this result for space of n dimensions and gathered together 
his results in a law of orthogonality of elements. This law 
varies with the order of the space in the following way : 

“In spaces of order 3p, this law makes correspond to a point 
system, a point system; to a line system, a plane system and 
inversely. In spaces of order 3p + 1, it makes correspond to 
a plane system, a plane system ; to a line system, a plane sys- 
tem and inversely. In spaces of order 3p + 2, it makes cor- 
respond to a line system, a line system; toa point system, a 
plane system and inversely.” For spaces of order 3p the fol- 
lowing theorems obtain : 

“If two point systems are orthogonal, every focal line of the 
one is orthogonal to the focal plane of the same kind of the 
other. Every line system assembled with the one is orthogo- 
nal to a plane system assembled with the other and inversely.” 

“Ifa line system and a plane system are orthogonal, every 
focal point of the line is orthogonal to the focal point of the 
same kind of the plane ; every point system assembled with the 
line is orthogonal to a point system assembled with the plane 
and inversely, etc.” Similar theorems exist for spaces of order 
3p + 1 and 3p + 2. 

Beginning with Chapter V, the discussion of point systems 
is concerned chiefly with those for which the tangents to the 
parametric curves are perpendicular to. one another. When 
these tangents are not isotropic, the system is called a system 
O; otherwise, a singular rectangular system. The theory of 
these systems is intimately related to the theory of a determi- 
nant A whose elements are the coefficients of an orthogonal 
substitution in space of n dimensions, the elements of the last 
three rows being the direction cosines of the tangents to the 
system O and the elements of the other rows being such that 
their first derivatives are very simple linear functions of the ele- 
ments of the same columns. The coefficients in these linear 
functions are called the rotations of the determinant ; they must 
satisfy a system of partial differential equations of the first 
order. These equations are such that the last three rows of the 


| 
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determinant A determine it completely. Consequently to each 
system O there corresponds a unique determinant, and to a given 
determinant there corresponds a parallel system of systems O. 
There are systems O in spaces of any order. The determinant 
associated with a system O gives a means of finding certain 
systems assembled with O. When n> 3, there are o”~ lines, 
passing through the point M of a system O perpendicular to 
the three tangents, each of which describes a line system. 
When n> 4 there can be normal line systems generated by 
isotropic lines. The first kind are called ordinary normal sys- 
tems ; the latter isotropic. 

In Chapter VI the notion of the projection of a system 
from one space into another is introduced. This leads toa 
generalization of the various systems. Thus, a point M of 
space of n dimensions describes a system p, O when it can be 
considered as the projection of a system O of space of n + p— 1 
dimensions ; that is, if x,, x, ---, x, are the codrdinates of M, 
the equations of Laplace which are satisfied by these coérdi- 
nates admit p — 1 other solutions y,,---,y,_, such that 


Sdx? + Edy? = hidu? + hidu? + h2du’, 


the functions h,, h,, h, being different from zero; the quantities 
Yy9"**+Yp—, are called the complementary codrdinates of the 
system. A system of lines D is called J, if the sum of the 
squares of the direction parameters (X,,---,X,) of the line D 
is zero. The isotropic systems of normals to a system OQ, pre- 
viously referred to, are of this kind and they are the only ones. 
When a line system is such that the equations of Laplace 
satisfied by the quantities X admits p —1 other solutions 
(Y,,---, such that + = Y? =0, the system is said to 
be p, J. ft is shown that all the ordinary normals to a system 
O form systems 2J and that all other assembled line systems 
are 37. A plane system assembled with a system OQ is said to 
be 0; and it is p, 0 if it can be considered as the projection 
of a system 2 in space of order n + p—1. Further, it is shown 
that among the plane systems assembled with a point system 
20, one series of parallel plane systems are 2 and the others 
are 20. Thus, there are the following assembled systems for 
space of three dimensions : 
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Assembled Systems. 
Point. Plane. Lines. 
3I 

2,0 1 Q 1 3I 
Others 22 Others “4/ 
> 2 2 3I 

3,0 { eo! 22 oo! 4I 
Others 32 Others 57 

p,0 { ort 
Others p, 2 Others p, J 


There are other assembled systems for three dimensional 
space, which for lack of space we cannot indicate, and similar 
tables of assembled systems for spaces of four, five and six 
dimensions also are given. 

In Chapter VII it is shown how the preceding theories 
enable one to find new triply orthogonal systems. They arise 
as a result of the search for point, plane and line systems 
which present two properties; for instance, a point system 
which is p, O and g, O. In this connection it is found to be 
advantageous to consider pairs of point systems M(zx,, ---, x,) 
and N(y,---,y,,) which have the property that the Laplace 
equations are the same for both systems. It results that 


Eda? = hidu? + + hidu’, 


= hi*du? + hi*du? + hi7du2, 
where 
=h,U, h, =h,U, hy h,Uy 


U,, U,, U, being functions of u,, u,, u, respectively. The two 
systems are said to be associate. Evidently the point whose 
coordinates are x,, ---, describes a system O in space 
of m +n dimensions. Hence a system O associate to a system 
O in a space of m dimensions is a system O, (m + 1) O and in- 
versely. From this it is seen that the systems O, 40 are the 
simplest. By considering systems assembled to a system O, 40 
in space of three dimensions it is found that the determination 
of systems 3J, 41; 2,20; 20, 30 are equivalent problems 
to the determination of systems O, 40. Similar and more gen- 
eral results follow from the discussion of systems O, 40 in 
spaces of four, five and six dimensions. And it is found that 
all problems of finding systems possessing two properties re- 
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duces to the search for associate systems O. Interesting par- 
ticular problems are furnished by considering the cases where 
certain of the above functions U,, U,, U, are constants. 

As an example of the theory, the determination of systems 
O, 40 in space of three dimensions is treated at length in 
Chapter VIII and also the analytical expressions for trans- 
formations to the assembled systems. 

Two point systems are applicable when 


Eda? = Edy’. 


In the last chapter Guichard considers systems O in three di- 
mensions which are applicable to systems O in six dimensions. 
It is a study of the determinants of these systems, and from the 
form of the equations satisfied by the rotations it is found that 
the problem reduces to the determination of two triply orthogo- 
nal systems in space of three dimensions for which the rotations 
8,, and 8:, of the respective systems satisfy the conditions 


Bi = By 


The rotations 8,, are those defined by Darboux in his Legons. 
Of this kind are the systems of Ribaucour for which all the 
surfaces in one family have the same spherical representation. 

We have noticed a few typographical errors which, however, 
are in most cases errors in reference to sections and not serious. 
The form of the book is attractive and we should gladly wel- 
come the publication in similar form of the two memoirs on the 
geometry of two indeterminates, previously mentioned. One 
who reads these works of Guichard looks forward to the time 
when he can read them again and try out the ideas which sug- 
gest themselves in the reading. 

L. P. EisENHART. 
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SHORTER NOTICES. 


Bibliography of Quaternions and Allied Systems of Mathe- 
matics. By ALEXANDER MACFARLANE. University Press, 
Dublin, 1904. 

Tue International Catalogue of Scientific Literature places 
the following branches of mathematics under the head of 
universal algebra: (1) caleulus of operations. (2) general 
theory of complex numbers. (3) quaternions. (4) Ausdeh- 
nungslehre and vector analysis. (5) matrices. (6) other 
special sorts of complex numbers. (7) algebra of logic. 

The work under review contains a bibliography of topics 2, 
3,4, and 5. Titles in which vector ideas and methods are 
applied are also included. Although the subject of bilinear 
forms is not mentioned in the International Catalogue, Pro- 
fessor Macfarlane very properly includes certain titles in this 
field which deal with the theory of matrices. It is an ex- 
tremely difficult matter to prepare a complete bibliography for 
a field as wide as Professor Macfarlane has chosen, and his 
approximation will be keenly appreciated, especially by those 
to whom large libraries are not accessible. The fields of qua- 
ternions and vector analysis seem to be carefully covered. In 
the allied branches of general theory of complex numbers and 
matrices the bibliography is not so complete, though most of 
the fundamental memoirs are noted. A partial list of omissions 
is appended, which contains among others important titles by 
Weierstrass, Frobenius, Molien and Dedekind. 


CaRTAN. 

1897. “Sur les systémes de nombres complexes.” Comptes 
Rendus, page 1217. 

1897. “Sur les systé¢mes réels de nombres complexes.” Comptes 
Rendus, page 1296. 

1898. “Les groupes bilinéaires et les systtmes de nombres 
complexes.” Annales de la Faculté des Sciences de 
Toulouse, volume 12, page 81. 


DEDEKIND. 


1885. “Zur Theorie der aus n Haupteinheiten gebildeten 
complexen Grossen.” Gottinger Nachrichten, page 
141. 
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1887. “Erliuterungen zur Theorie der sogenannten allge- 
meinen complexen Gréssen.”  éttinger Nachrichten, 
page 1. 
FROBENIUS. 
1896. “Ueber die cogredienten Transformationen der bi- 
linearen Formen.” Sitzungsberichte der Berliner Aka- 
demie, page 7. 
HavsporrFr. 


1900. “Zur Theorie der Systeme complexer Zahlen.”  Leip- 
ziger Berichte, page 43. 


HAwWKEs. 
1902. “Estimate of Peirce’s Linear Associative Algebra.” 
American Journal of Mathematics, volume 24, page 87. 
“On hypercomplex numbers.” Transactions of the 
American Mathematical Society, volume 3, page 312. 
“Enumeration of non-quaternion number systems.” 
Mathematische Annalen, volume 58, page 361. 


HILBERT. 
1896. “ Zur Theorie der aus n Haupteinheiten gebildeten com- 
plexen Gréssen.” Géttinger Nachrichten, page 179. 


JOLY. 


1898. “The associative algebra applicable to hyperspace.” 
Proceedings of the Irish Academy. 


MOLIEN. 
1892. “ Ueber Systeme héherer complexer Zahlen.”  Mathe- 
matische Annalen, volume 41, page 83. 
1893. “ Berichtigung zu dem Aufsatze: Ueber Systeme hoherer 
complexer Zahlen.” Mathematische Annalen, volume 
42, page 308. 
PIERCE. 
1903. “Classification and properties of dual conical con- 
gruences.” Dissertation, Ziirich. 


Stupy. 


1890. “ Ueber Systeme complexer Zahlen und ihre Anwendung 
in der Theorie der Transformationsgruppen.” Mo- 
natshefte fiir Mathematik, page 283. 
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1898. “ Beweis eines von Herrn Dedekind angegebenen Satzes.” 
Géttinger Nachrichten, page 1. 
TABER. 
1892. ‘‘On a theorem of Sylvester’s relating to non-degenerate 
matrices.” Proceedings of the American Academy, 
46. 
“Note on the representation of orthogonal matrices.” 
Proceedings of the American Academy, page 163. 
1893. “On real orthogonal substitutions.” Proceedings of 
the American Academy, page 212. 
1894. “On the automorphic linear transformation of bilinear 
forms.” Proceedings of the American Academy, page 
178. 
“On orthogonal substitutions.” Bulletin of the New 
York Mathematical Society, volume 3, page 251. 
1897. “ Notes on the theory of bilinear forms.” Bulletin of 
the American Mathematical Society, volume 3, page 156. 


WEIERSTRASS. 
1884. “Zur Theorie der aus n Haupteinheiten gebildeten com- 
plexen Zahlen.” Géttinger Nachrichten, page 395. 
H. E. Hawkes. 


An Elementary Text-book on the Differential and Integral Cal- 
culus. By H. Professor of Mathe- 
matics in the University of Virginia. New York, Henry 
Holt and Company, 1902. 

In this book Professor Echols has made a commendable and, 
on the whole, a successful attempt to establish the principles of 
the differential and integral calculus with proper regard to 
modern ideas on the subject, pointing out carefully the limits 
under which the processes can be applied and giving examples 
of exceptional cases, such as Weierstrass’s example of a con- 
tinuous function which has no determinate derivative, and 
Pringsheim’s example of a function for which Maclaurin’s series 
is absolutely convergent and yet does not represent the func- 
tion. One would like to see also, however, an example in which 
&z/Oxdy and 0*z/Oydx are different —a case of peculiar inter- 
est in some of .the applications. 

The book is far more comprehensive than the usual text- 
books, and should therefore be useful for consultation by 
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students in the later years of their course. The author states 
that it is intended to cover about one year’s work, but it seems 
doubtful if it could be completed in a much longer period in 
many colleges. However, there should be no trouble in mak- 
ing a judicious selection from the wealth of material and an 
ambitious student would be glad to possess a book which would 
givé him so much opportunity for work outside of the class- 
room. 

Special features of the book are the complete separation of 
functions of one variable from those of more than one, the 
liberal use of the theorems of mean value, the definition of an 
integra] primarily as the limit of a sum, a definition to which 
it may be hoped all of our text-books will ultimately return, a 
careful introduction on variables and functions and a number 
of notes at the end including the examples referred to. 

Where there is so much to commend it may seem invidious 
to criticize, but it seems to the reviewer that the definition of 
transfinite numbers and of infinitesimals is likely to be mis- 
understood by the beginner ; that it would be well to print the 
definition of irrational numbers in larger type and let it precede 
the employment of such numbers; that something would be 
gained in the treatment of trigonometric integrals by the intro- 
duction into the text of more of the theory of the complex 
variable, including at least De Moivre’s theorem. It is also 
somewhat surprising not to find a definition of curvature—the 
radius of curvature being defined merely as the radius of the 
osculating circle. 

The reviewer is disposed to agree with the author in his 
relegation of the well-known and too much worshiped reduc- 
tion formulas for the integral 


+ 


to a note at the end of the book. 
M. W. HaAsKELL. 


American Men of Science. A Biographical Directory. Edited 
by J. McKEEn CaTTrELt. New York, The Science Press, 
1906. 4to. 7+ 364 pp. 

THE chief object of this directory is to make American “men 
of science acquainted with one another and with one another’s 
work.” In the field which it aims to cover it is much more 


iS 
Pic 


34 SHORTER NOTICES. [Oct., 


comprehensive than Minerva or Who’s Who in America, as it 
includes a tolerably complete list of sketches of those living in 
North America who have published any research in the natural 
and exact sciences, and in addition some entries of those who 
are held to have advanced science by teaching, by administra- 
tive work, or by the publication of text-books. 

In the case of about one thousand out of the four thousand 
biographical notes a star is placed before the field of research. 
This indicates that the subject of the sketch is to be regarded as 
one of the thousand leading American men of science. About 
80 of the 360 entries of mathematicians are distinguished in 
this manner. Those who are inclined to estimate the scientific 
standing of a man by the post which he fills will be sur- 
prised at the large number of names of younger men whose 
work is starred, while many who hold prominent positions are 
not classed among the leading scientists. 

In view of the great difficulties in forming a correct esti- 
mate of the merits of the work of our contemporaries, the 
present undertaking appears a bold one, but the importance of 
accurate knowledge on this point seems to justify such ven- 
tures. All men of science and especially those who require 
the services of such men must feel keenly the difficulties en- 
countered in the effort of judging the relative merits of the 
work of those who may be under consideration ; and as such 
judgments are sometimes imperatively necessary, any reliable 
aid is a great desideratum. Moreover, there are few other 
things which tend to contribute so much toward substantial 
progress as a general feeling that the opinion of experts in re- 
gard to individual achievements will speedily become common 
property. The present volume appears to be a decided step 
towards cultivating such a feeling. 

As far as possible each entry contains information on the 
following ten points: Name and mail address, department of in- 
vestigation, place and date of birth, education and degrees, posi- 
tions with dates, temporary and minor positions, honorary de- 
grees and other scientific honors, membership in learned societies, 
chief subjects of research, and whether the subject of the sketch 
is classed with “ the thousand students of the natural and exact 
sciences in the United States whose work is supposed to be the 
most important.” 

G. A. MILLER. 
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NOTES. 


THE tenth regular meeting of the San Francisco Section of 
the AMERICAN MATHEMATICAL Society will be held at the 
University of California on Saturday, September 29. 


THE July number (volume 7, number 3) of the Z/ansactions 
of the AMERICAN MATHEMATICAL Society contains the follow- 
ing papers : “On the boundary value problems of linear ordinary 
differential equations of second order,” by M. Mason; “The 
resolution of any collineation into perspective reflections,” by 
M. W. Haske; “Linear algebras in which division is 
always uniquely possible,” by L. E. Dickson ; “ Correspond- 
ences and the theory of groups,” by J. E. Wricut; “ The 
trajectories of dynamics,” by E. Kasner; “On the automor- 
phic functions of the group (0, 3; 1, /,, /,),” by R. Morris; 
“‘ Improper multiple integrals,” by R. G. D. Ricuarpson. 


Tue April number (volume 28, number 2) of the American 
Journal of Mathematics contains: “The motion of a solid in an 
infinite liquid,” by A. G. GREENHILL; “The theory of im- 
plication,” by BERTRAND RussELL. 

The July number (volume 28, number 3) contains: “The 
geometry of differential elements of the second order with re- 
spect to the group of all point transformations,” by Epwarp 
Kasner ; ‘“ Gyroscopes and cyclones,” by F. J. B. CorpeErRo ; 
“On the primitive groups of class ten,” by W. A. MANNING ; 
“On certain unicursal twisted curves,” by VirciL SNYDER; 
“Functions of three real independent variables,” by H. L. 
Coar. 


THE concluding (July) number of volume 7 of the Annals 
of Mathematics contains: “ A proof of the theorem concerning 
artificial singularities,” by D. R. Curtiss ; “ Another proof of 
the theorem concerning artificial singularities,” by M. BOcHER; 
“ Curves of minimum moment of inertia with respect to a point,” 
by M. Mason; “Triangles and quadrilaterals inscribed to a 
cubic and circumscribed to a conic,” by H. S. WHITE; “Ona 
function which occurs in the law of the mean,” by E. R. 
HEDRICK. 
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THE annual list of American doctorates published in Science 
presents for the academic year 1905-1906 325 names, of which 
139 are credited to the sciences. The following 9 successful 
candidates offered mathematics as major subject (the titles of 
the theses are appended): E. C. Cotpirrs, Cornell, “On the 
twisted quintic curves” ; B. F. FrxKex, Pennsylvania, “ De- 
termination of all groups of order 2 which contain cyclic self- 
conjugate subgroups of order 2 and whose generating operators 
correspond to the partitions” ; C. C. Grove, Johns Hopkins, 
“T. The syzygetic pencil of cubics and a new geometrical de- 
velopment of its Hesse groupG,,,._ II. On the complete Pap- 
pus hexagon”; H. B. Leonarp, Colorado, “ On the factoring 
of composite algebras”; J. F. Messick, Johns Hopkins, 
‘Cubic curves in reciprocal triangular situation”; R. G. D. 
Ricuarpson, Yale, “Improper multiple integrals” ; W. H. 


Roever, Harvard, “ Brilliant points”; C. H. Sisam, Cornell, . . 


“ Ruled surfaces of order seven having a rectilinear directrix ” ; 
G. E. Wau tin, Yale, “The relation between the binary quad- 
ratic forms and the quadratic numerical bodies.” 

The number of American doctorates in mathematics for each 
year from 1898 to 1906 is 11, 13, 11, 18, 8, 7, 14, 21, 9. 


THE first supplementary volume of the Jahresberichte der 
deutschen Mathematiker-Vereinigung, containing ‘‘ Ueber die 
Entwicklung der Elementar-Geometrie im XIX Jahrhundert,” 
by M. Srwon, has just been published by Teubner in Leipzig. 


Iv connection with the recent division of the Proceedings of 
the Royal Society of London into Series A, papers of a mathe- 
matical and physical character, and Series B, papers of a bio- 
logical character, attention is called to the arrangement by which, 
on the advance payment of the subscription price of 15 shil- 
lings per volume, subscribers may receive the separate papers 
as soon as published. 


Syracuse University — The following advanced courses 
in mathematics are offered during the first semester of the cur- 
rent academic year :— By Professor W. H. Merz_er: Analytic 
geometry, plane and solid, three hours; Newtonian potential 
function, three hours ; Elliptic functions, three hours ; Weier- 
strass’s theory of functions, three hours. — By Professor E. D. 
Roe : Determinants, one hour ; Theory of equations, two hours ; 
Advanced calculus, three hours; Analytic mechanics, three 
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hours ; Symmetric functions; three hours; Invariarits, three 
hours ; Substitutions, three hours. — By Professor W. G. Bu- 
LARD : Projective geometry, three hours ; Curves and surfaces, 
three hours ; Differential geometry, three hours. 


THE various foreign universities offer courses in mathematics 
during the winter semester of 1906-1907 as follows : 

University or Gérrincen. — By Professor F. Kein : 
Elliptic functions, four hours ; Seminar (with Professors Hilbert 
and Minkowski and Dr. Herglotz), two hours. — By Professor 
D. Hitsert: Mechanics of continua, four hours ; Differential 
and integral calculus, four hours.— By Professor H. Mrx- 
KOWSKI : Encyclopedia of elementary mathematics, four hours ; 
Invariants, four hours. — By Professor C. Runce: Descrip- 
tive geometry, four hours; with exercises, two hours. — By 
Professor M. BRENDEL: Mathematics of insurance, two hours. 
— By Professor E. ZERMELO: Elements of analytic mechanics, 
four hours ; Mathematical treatment of logic, one hour. — By 
Dr. M. ABRAHAM: Partial differential equations of mathe- 
matical physics, four hours ; Seminar, two hours. —.By Dr. C. 
CaraTHEopvory: Minimum principles of mechanics and physics, 
one hour.— By Dr. G. HerGLorz: Introduction to analytic 
geometry of space, four hours. 


University oF JENA.— By Professor J. THoMAE: Defi- 
nite integrals, four hours ; Differential equations, four hours ; 
Seminar, two hours. — By Professor F. HaussNer: Mathe- 
matical approximations, two hours ; Integral calculus with ex- 
ercises, five hours; Analytic geometry of space, four hours ; 
Seminar, one hour.— By Professor G. Frece: Theory of 
functions according to Riemann, four hours. — By Professor 
R. Rau: Mechanics, four hours ; Descriptive geometry with 
exercises, seven hours. 


University oF Lerpzic.— By Professor C. NEUMANN: 
Analytic mechanics, four hours; Seminar, one hour. — By 
Professor A. MAYER: Calculus of variations, four hours. — 
By Professor O. H6LpER: Differential and integral calculus, 
five hours ; Foundations of arithmetic and numbers, two hours ; 
Seminar, one hour.— By Professor K. Roun: Applications 
of the calculus to surfaces and twisted curves, four hours; In- 
variants, two hours. — By Professor F. HausporrFr: Theory 
of numbers, four hours. — By Professor H. LieBMANN: Ana- 
lytic geometry of space, two hours; with exercises, one hour. 
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Unstversity oF Municu. — By Professor F. LINDEMANN: 
Theory of functions of a complex variable, four hours ; Applica- 
tions of the caleulus to curves and surfaces, four hours ; Groups 
of transformations, two hours; Seminar, one and a half hours. 
— By Professor A. Voss: Algebra, four hours ; Theory of alge- 
braic curves, four hours ; Seminar, two hours. — By Professor 
A. PrincsHerM : Differential calculus, five hours; Theory of 
numbers, four hours. — By Professor K. DoEHLEMANN: De- 
scriptive geometry, I, five hours; with exercises, three hours ; 
Line geometry, four hours. — By Professor E. v. WEBER: 
Plane analytic geometry, four hours; with exercises, two hours ; 
Integral calculus, with exercises, ‘four hours. — By Dr. H. 
Bruny: Theory of aggregates, four hours. — By Dr. F. Har- 
tTocs: Selected chapters of the theory of functions, two hours. 
— By Dr. O. PERRON : — not yet announced. 


OxrorD UNIversity (Michaelmas Term). — By Professor . 


W. Esson: Analytic geometry of plane curves, two hours ; Syn- 
thetic geometry of plane curves, one hour. — By Professor E. 
B. Exxrorr: Sequences and series, two hours; Elementary 
theory of numbers, one hour. — By Professor A. E. H. Love: 
Hydrodynamics, two hours ; Problems in applied mathematics, 
one hour. — By Professor H. H. Turner: Elementary math- 
ematical astronomy, two hours. — By Mr. C. E. HasELrFoor : 
Theory of equations, one hour.— By Mr. C. LEuDEspoRF: 
Projective geometry, three hours. — By Mr. A. E. JoLLIFFE: 
Analytic geometry, two hours. — By Mr. J. W. 
Differential calculus, two hours. — By Mr. R. F. McNEILeE: 
Curve tracing, one hour. — By Mr. A. L. PEppER: Problems 
in pure mathematics, one hour.— By Mr. C. H. Sampson: 
Higher solid geometry, two hours. — By Mr. J. E. CAMPBELL : 

a equations, two hours. — By Mr. C. H. THomp- 

: Integral calculus, two hours. — By Mr. E. H. Hayes: 

‘Amatytionl statics, three hours. — By Mr. A. L. Dixon: Hy- 
drostatics, one hour. — By Mr. H. T. Gerrans: Tridimen- 
sional rigid dynamics, two hours. — By Mr. P. J. Kirksy: 
Attractions and electrostatics, two hours. 


THE royal academy of sciences at Berlin has awarded Pro- 
fessor F. Mertens, of the University of Vienna, a prize of 
5000 marks for his researches in the theory of cyclic equa- 
tions. 
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Proressor E. MijLuer, of the technical school at Vienna, 
has been elected a corresponding member of the royal academy 
of sciences at Vienna. 


Dr. F. June, docent of mathematics at the German tech- 
nical school at Prague, has been transferred to a similar posi- 
tion at the technical school at Vienna. 


Proressor G. ScHEFFERS, of Darmstadt, has been ap- 
inted professor of mathematics at the technical school of 
Charlottenburg. 


Dr. L. Hannt has been appointed docent in mathematics at 
the University of Vienna and Dr. O. PERRon at the Univer- 
sity of Munich. 


Mr. B. A. HERMAN and Mr. H. W. RicuMmonp have been 
appointed university lecturers in mathematics at Cambridge 
University. 


At the University of California Professor M. W. HaskELL 
has been promoted to a full professorship of mathematics, and 
Professor E. J. WILCZYNSKI to an associate professorship of 
mathematics. 


At Stanford University Professor H. F. BLicure.pr has 
been promoted to an associate professorship of mathematics, and 
Dr. W. O. MENDENHALL has been appointed instructor in ap- 
plied mathematics. 


Proressor H. P. Mannie, of Brown University, has been 
promoted to an associate professorship of mathematics. 


At Lehigh University Professors P. A. LAMBERT and A. E. 
MEAKkE have been promoted to full professorships of mathe- 
matics. 


At the University of Rochester, Dr. A. S. Gale has been 
promoted to the newly designated Fayerweather professorship 
of mathematics. 


Proressor T. E. McKinney, of Marietta College, has 
been appointed acting professor of mathematics at Wesleyan 
University. 

Mr. P. P. Boyp has been appointed professor of mathe- 
matics at Hanover College, Indiana. 
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Mr. W. J. Newry has been appointed associate professor 
of mathematics and philosophy at Amherst College. 


Rev. R. D. CarmicHaev has been appointed professor of 
mathematics at the Presbyterian College for Men at Anniston, 
Alabama. 


Dr. J. T. Roop has been appointed professor of mathematics 
at Ursinus College, Collegeville, Pennsylvania. 


Dr. C. C. Grove has been appointed assistant professor of 
mathematics at Hamilton College, Clinton, New York. 


Dr. H. L. Coar, of the University of Illinois, has been 
appointed associate professor of mathematics at Marietta Col- 
lege, Marietta, Ohio. 


Dr. D. C. GILLEspreE has been appointed instructor in 
mathematics at Cornell University. 


Dr. G. E. WAHLIN has been appointed instructor in mathe- 
matics at the University of Iowa. 


Mr. J. M. THornton has been appointed professor of 
mathematics at the University of West Virginia. 


Dr. E. L. Dopp has been appointed instructor in mathe- 
matics at the University of Lllinois. 


Mr. E. R. SLeienr has been appointed professor of mathe- 
matics at Carthage College, Carthage, Illinois. 


Dr. W. R. LonGtey has been appointed instructor in mathe- 
matics and astronomy at Yale University. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Apam (C.). See Descartes (R.). 


Baker (W.M.). Algebraic geometry ; a new treatise on analytical conic 
sections. London, Bell, 1906. 12mo. 358 pp. Cloth. 6s. 


BestHorn (R. O.). See Evciipes. 


Bocnow (K.). Die Funktionen rationaler Winkel ; insbesondere iiber die 
Berechnun, Winkelfunktionen ohne Benutzung der trigonometrischen 
Reihen und der Zahl 7. (Progr.) Magdeburg, 1905. 


Bonoxa (R.). La geometria non-euclidea: esposizione storico-critica de 
suo sviluppo. Bologna, Zanickelli, 1906. 8vo. 6+213 pp. L. 5.00 
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ScHAEWEN (P. von). Zur Lésung der Gleichung z= V Az? + Br+ C. 
(Progr.) Glogau, 1906. 4to. 31 pp. 
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ScHELLHORN (O.). Planimetrische Beweise; mit Algebraische 
Regeln. Lehrbuch fiir den Schulgebrauch und zum Selbstunterricht, 
ag tsiichlich aber fiir die Vorbereitung der Schiiler auf die Lehrstunden 

ntersekunda. Essen, Baedeker, 1906. 8vo. 4-+ 114 pp. Pi 


Scumipt, (O.), (K.). Raumlehre mit zahlreichen Rechen- 
und Konstruktionsaufgaben fiir Handwerker- und Fortbildungsschulen. 
Teil I: Der Punkt, die Linien, Winkel und Flichen. 3te Auflage. 
Hannover, Meyer, 1906. 8vo. 70 pp. M. 0.60 


Scumipt (M.C. P.). Zur Entstehung und Terminologie der elementaren 
Mathematik. Leipzig, 1906. 8vo. 134 pp. M. 2.40 


Scumipt (W.). Wie gewinnen wir fiir die Behandlung des Funktionsbegrifis 
Platz im mathematischen Unterricht? (Progr.) Diiren, 1906. 


SKONHAFT-HALVORSEN (J.). Prismers inhold og overflade. Christiania, 
1906. 8vo. 15 pp. M. 0.50 


Stevens (F. H.). See Haru (H.S&.). 


Stone (J. C.) and Mirus (J. F ). A higher algebra. Boston, Sanborn 
{1906}. 12mo. 496+4+35+ 70 pp. Cloth. $1.32 


Travus (K.). Elementare Berechnung der Seiten der reguliaren Vierund- 
dreissig- und Siebenzehn-Ecke. (Progr.) Karlsruhe, Gutsch, 1906. 
8vo. 23 pp., 1 plate. M. 0.60 


TRENcH (C. H.) and Osporn (G.). Matriculation graphs. London, Clive, 
1906. 8vo. 72 pp. Cloth. Is. 


TREvVEs (E.). Elementi di aritmetica, sistema metrico e nozioni di geometria 
per la terza e quarta elementare, con prefazione di S. ORTU-CARBONI. 
Genova, 1906. 16mo 124 pp. L. 0.70 


TriparD (L.). Cours d’algébre a V usage des candidats aux écoles d’arts et 
métiers. Paris, Vuibert et Nony, 1906. 16mo. 7 + 551 pp. 


VEGA See von). Logarithmisch-trigonometrisches Handbuch. Neue, durch- 
mes ene und erweiterte Ausgabe von C. Bremiker. 8lste Auflage. 
lin, 1906. 8vo. 28+ 575 pp. 


WELIs (W.). Text-book in algebra. Part I. Boston, Heath, 1906. 12mo. 
561 pp. Half leather. $1.40 


WeEnp (0O.). Cayleysche Lésungen mathematischer El taraufgab 
(Progr.) Chemnitz, 1906. 4to. 42 pp. 


WenzEL (K.). See Scumipt. 
WIELEITNER (H.). See Loria (G.). 


Wor (F.C.) Praktische Geometrie fiir den Schul- und Selbstunterricht. 
Nach den Grundsitzen der Anschauung und Konzentration in genetischer 
Stufenfolge aufgebaut und unter besonderer Beriicksichtigung der prak- 
tischen Bediirfnisee bearbeitet. 3tes Heft. 2te, verbesserte A ‘Aone 
Leipzig, Wunderlich, 1906. 8vo. 56 pp. M. 0.40 


Wroset (C.). Leitfaden der Stereometrie nebst einer grossen Anzahl von 
Uebungsaufgaben. Zum Gebrauche an hoheren Lehranstalten bearbei- 
tet. 3te, verbesserte und vermehrte Auflage. Rostock, Koch, 1906. 
4+ 106 pp. M. 2.00 
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ZéuLKe (P.). Ausfiihrung elementargeometrischer Konstruktionen bei 
ungiinstigen Lageverhiiltnissen. (Progr., Charlottenburg.) Leipzig, 
Teubner, 1906. 8vo 46 pp. 


HiIl. APPLIED MATHEMATICS. 


AnorN (F.). Mechanical triangulation in free-hand drawing. Cleveland, 
O, Cleveland Printing Co., [1906]. 12mo. 44 pp. $0.50 


AnREns (C.). See LAUENSTEIN (R.). 


Anprens (R.). Die Ausgleichungsrechnung nach der Methode der kleinsten 
Quadrate und ihre spezielle Anwendung auf die Geodiisie, nebst einem 
Anhang von Beispielen. Leipzig, Géschen, 1906. 16mo. 4 fie pp- 

M. 2.00 


Aracon (E.). Résistance des matériaux appliquée aux constructions. 
Méthodes pratiques par le calcul et la statique graphique. Vol. II: 
Poutres A travers solidaires ; dénivellation = appuis et langage des 

ponts, etc. Paris, Dunod, 1906. 16mo. 8+ 752 pp. (Bibliothéque 
os conducteur de travaux publiques. ) 


BeckENHAUPT (C.). Ueber die Konstitution des Aethers und der Elektronen 
und den Mechanismus der elektromagnetischen Vorginge. Heidelberg, 
Winter, 1906. 8vo. 6-+ 89 pp. M. 2.40 


——. Die Tetraeder-Theorie im Leben, in der Evolution und im Aufbau 
der Materie. Grundziige einer atomistisch-mechanischen Naturge- 
schichte. Heidelberg, Winter, 1906. S8vo. 19-+91 pp. M. 2.80 


BuascHKE (E.). Vorlesungen iiber mathematische Statistik ; die Lehre von 
den statistischen Masszahlen. Leipzig, Teubner, 1906. 8vo. 8 +2, PP, 


Boccarpr (J.). Guide du calculateur (astronomie, géodésie, navigation 
eitc.). ire partie: Régles pour les calculs en général. Paris, Hermann, 
1906. 4to. 10+ 80 pp. Fr. 4.00 


—. 2 partie: Régles pour les caleuls spéciaux. Paris, Hermann, 1906. 
4to. 4+ 140 pp Fr. 12.00 
Bronzin (V.). Lehrbuch der politischen Arithmetik. Wien, 


Buck (R. C.). Manual of algebra. For use more especially of young sail- 
ors and officers in the Merchant Navy. 2d edition. London, Griffin, 
1906. 12mo 166 pp. Cloth. 3s. 6d. 


BurtrerFietp (A. D.). A history of the determination of the figure of the 
earth from arc measurements. Worcester, Mass., Davis Press, 1906. 
8vo. 5+ 168 pp. Buckram. $1.50 


Cavecuia (C.). Esempi di calcolo di sezioni di solidi di-cemento armato 
nelle quali si abbiano saggy dg complesse dovute a sforzi longitudi- 
nali semplici e ad infiessione. oghera, 1906. 8vo. 14 pp. 


CiaupeL (J.). Handbook of mathematics for engineers and engineering 
students. From the 7th French edition, translated and edited by O A. 
Kenyon. New York, McGraw Publishing Co., 1906. 8vo. 8-+ 708 
pp. Cloth. $3.50 


Cotvin (F. H.). Link motions, valves and valve setting. New York, 
Derry-Collard Co, 1905. 16mo 82pp. Cloth. $0.50 
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(P.). Elementi di meccanica. Vol. 1: Lezioni per gli allievi 
 acraaaas industriale delle Marche in Fermo. Fermo, 1906 8vo. 
pp- 


—. Vol. II: Meccanica applicata. Fermo, 1906. 8vo. 342 pp. 


Danist (G.). Il sistema di coordinate nell’orario grafico dei treni ; studio 
geometrico-analitico. Padova, 1906. 8vo. 21 pp. M. 2.00 


Dérrie (H.). Das Gesetz von Biot und Savart und die cyklische Kon- 
stante. (Progr.) Biedenkopf, 1906. 8vo. 20 pp. 


Esner(F.). Leitfaden der technisch wichtigen Kurven. Leipzig, Teub- 

ner, 1906. 8vo. 8-197 pp. M. 400 
EncyKLopipre der mathematischen Wissenschaften mit Einschluss ihrer’ 
Anwendungen. (In 7 Binden.) Vol. IV: Mechanik, herausgegeben 
von F Klein and C H. Miiller. Teil 2, Heft 3: G. Zemplén, Beson- 
dere Ausfiihrungen iiber unstetige Bewegungen in Fliissigkeiten ; P. 
Forchheimer, Hydraulik. Leipzig, Teubner, 1906. 8vo. Pp. 281-472. 


EwerpinG (G.). Lehrbuch der Graphostatik. Stuttgart, 1906. 8vo. 
8 + 186 pp. M. 4.40 


Fausten (A.). Versuche zur Bestimmung einer allgemeinen Formel zum 
Berechnen der Ausflussgeschwindigkeit beim Fliessen des Wassers durch 
Rohren. (Diss.) Bonn, 1906. 8vo. 49 pp. 


Fayet. Recherches concernant les eccentricités des cométes. (Thése.) 
Paris, Gauthier-Villars, 1906. 4to. 141 pp. 


Fervat (H.). Eléments de géométrie descriptive, 4 P usage des candidats 
aux baccalauréats de I’ enseignement secondaire et aux écoles du gouverne- 
ment. 7e édition, complétement refondue conformément aux programmes 
officiels du 27 juillet 1905. Paris, Belin, 1906. 12mo. 350 pp. 


FiscHer (0.). Theoretische Grundlagen fiir eine Mechanik der lebenden 
Kérper. Mit speziellen Anwendungen auf den Menschen sowie auf einige 
an Maschinen in méglichst elementarer und an- 
schaulicher Weise dargestellt. Leipzig, Teubner, 1906. 8vo. = + 372 


pp-, 4 plates. Cloth. 4.00 
FontsERE (E.). Tratado de cinemftica. Barcelona, Gili, 1906. 8vo. 
224 pp. P. 8.00 


ForRcHHEIMER (P.). See EncyKLOPADIE. 


FriscoauFr (J.). Die Abbildungslehre und deren Anwendung auf Karto- 
graphie und Geodiisie. Leipzig, Teubner, 1906. 8vo. 32 pp. M. 1.00 


Frocuot (H.). Le calcul des marées. Théorie élémentaire et applications 
pratiques a l’ usage des officiers de marine. Paris, Challamel, 1906. 8vo. 
124 pp. Fr. 5.00 


Futst (O.). Nautische Anfgaben. 2te Auflage. Hamburg, Eckardt and 
Messtorff, 1906. 8vo. 6- 152 pp. M. 4.80 


Gauss (F.G.). Trigonometrische und Rechnung in der 
Feldmesskunst. 3te Auflage. 2tes un Heft. Halle, 
8vo. M. 7. 
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Gryzex (F. K.). Handbuch der mathematischen und technischen Chrono- 
logie. Das Zeitrechnungswesen der Volker. (In 3 Banden.) Vol. 1: 
Zeitrechnung der Babylonier, Aegypter, Mohammedaner, Perser, Indier, 
Siidostasiaten, Chinesen, Japaner und Zentralamerikaner. Leipzig, 1906. 
8vo. 12+ 584 pp., 1 plate. 19.00 


Gérz (O.). Theorie der Brechung monochromatischer Strahlen 
dener Wellenlinge in Zylinder-Linsen. (Diss.) Rostock, 1905. 8vo. 
43 pp., 4 plates. 

aa = (W. J.). Geometry of the screw propeller. London, Blackie, — 


GRraBowsEI. der Eisenbetonbauten bei 
Berlin, Ernst, 1906. 8vo. 86 pp. 4.00 


GrossMANN (M.). Darstellende Geometrie. Leitfaden fiir den 
an héheren Lehranstalten. Basel, Helbing, 1906. 8vo. M. 1 50 


UBER (W.). a. Géschen, Leipzig, 1906. 16mo. 126 pp. 
Cloth. {Sammlung Géschen, No. 288.) M. 0.80 


a. G.) Ueber die Trigheit der von elektrischer Energie beeinfluss- 
mn und ihre einfache Ermittlung auf graphischem vom 
Berlin, 1905. 4to. 17 pp., 9 plates. M. 3.00 


HoLierrReuND (K.). Die Elemente der Mechanik vom Standpunkte des 
‘ Hamiltonschen Prinzips. (Progr.) Teil II. Berlin, 1906. 8vo. 23 
pp-., 2 plates M. 1.00 


Hotzmijtter (G.}. Die neueren Wandlungen der elektrischen Theorien 
elnsehliesslich der Elektronentheorie. Zwei Vortrage. Berlin, 
1906. 8vo. 8+ 119 pp. . 300 


IsraeEt (H.). Theorie der Ausflusszeiten einer Fliissigkeit. (Diss.) Ros- 
tock, 1905. 8vo. 65 pp., 2 plates. 


Jones (H. C.). The electrical nature of matter New York, Macmillan, 
1986. 12mo. 11-+ 555 pp., 15 plates. Cloth. $2.00 


Kenyon (0. A.). See Ciaupet (J.). 
(F.). See 


Kurmrert (R.). Lehrbuch der Akustik. Vol. If: Die verschiedenen 
Tonerreger. Mit 465 Erklirungen, nebst einer Sammlung von 114 ge- 
lésten und analogen ungelésten Aufgaben nebst den Resultaten der letz- 
teren. Fiir das Selbststudium und zum Gebrauch an Lehranstalten bear- 
beitet nach System Kleyer. Bremerhaven, Vangerow, 1906. 8vo 
16 + 493 pp. M. 1000 


Keiicen (L ). Zar Ausgleichung der Widerspriiche in den Winkelbedin- 

leichungen trigonometrischer Netze. Leipzig, Teubner, 1906. 

4to. 24+34p des k. Preussischen Geoditischen 
Instituts, neue 


LavenstTeIn (R.). Die Elementares Lehrbuch fiir den 
Schul- and Selbstunterricht, sowie zum Gebrauch in der Praxis, nebst 
einem Auhang rs gga Tabellen der Potenzen, Wurzeln, Kreisum- 
finge und Kreisinhalte 9te Auflage, bearbeitet von C. Ahrens. By 
gart, 1906. 8vo. 6-+ 205 pp. M. 5.00 


Lenreucs det Navigation, herausgegeben vom Reichs-Marine-Amt. 2te, 
umgearheitete Auflage. Vol. I: Terrestrische Navigation. Vol. II: As- 
tronomische Navigation und Lehre von den Gezeiten. Berlin, 1906. 
8vo. 466 pp, 11 tables; 466 pp., 6 plates. M. 16.60 
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Lorentz (H. A.) Abhandlungen iiber theoretische Physik. (In 2 Ban- 
den.) Vol. I: Lieferung 1. Leipzig, Teubner, 1906. 8vo. Ba #74 


Merczyne (K.). Teorya predu elektryeznego. Warszawa, 1905. 8vo. 92 


pp. M 2.00 
Meyer (P.). Die motorische Kraft. Grundziige einer Theorie 
gung. Berlin, 1906. 8vo. 250 


(H.}. Erddruck auf Stiitzmauern. Stuttgart, Kite. 
1906. 8vo 8-+ 159+ 12 pp., 4 plates. M. 4.00 


Mixer (C.H ). See 


Muir (W C.P). A treatise on navigation and nautical astronomy ; includ- 
ing the theory of compass deviations ; prepared for use as a text-book at 
the United States Naval Academy. Annapolis, Md., United States Naval 
Institute, 1906. 12mo. 13+ 718 pp. Cloth. $5 00 


NEuMANN (F.). Gesammelte Werke, herausgegeben von seinen Schiilern. 
(In 3 Banden.) Vol. If Leipzig, Teubner, 1906. 4to. 16 tg 


Newcoms (S ). A compendium ——— astronomy, with its applica- 
tions to the determination and reduction of positions of the fixed stars. 
New York, Macmillan, 1906. 8vo. 18+ 444 pp. Cloth. $3.00 


NorapouncHIAN (M. A.). Introduction a P étude des assurances. Partie 
I: Esquisses théoriques. Neuchatel, 1906. 8vo. 105 pp. Fr. 2.50 


OETTINGEN (A. VON). Die perspektivischen Kreisbilder der Kegelechnitte. 
Leipzig, Engelmann, 1906. 8vo. 8+ 118 pp., 4 plates. M. 5.00 


PFLEIDERER (C ). Dynamische Vorginge beim Anlauaf von Maschinen mit 
besonderer Beriichsichtigung von Hebemaschinen. Stuttgart, be gear 
1906. 8vo. 4+84 pp, 27 plates. M. 2 80 


Pxanck (M.). Vorlesungen iiber die Theorie der Warmestrahlung. Leip- 
zig, Barth, 1906. 8vo. 8+ 222 pp. M. 7.00 


PorncaRE (H.). Sur la dynamique de l’électron. Paris, 1906. 8vo. 
48 pp. Fr 350 


—. La physique moderne ; son évolution. Paris, 1906. 8vo. Fr. 3.50 


Samvuetson (A.). Flight-velocity. Hamburg, 1906. 8vo. 44 aps. 5 
plates. 2.00 


Sanzorn (F. B.). Mechanics; problems for engineering students. 2d edi- 
tion, revised and en larged. New York, Wiley, 1906. 8vo. 8+ 194 
pp. Cloth. $1.50 


ScHMIEDEL (Q.). Die Statik der statisch bestimmten Briickentrager. Ele- 
mentares Lehrbuch zum Gebrauch fiir Schiller technischer Unterrichts- 
anstalten, fiir Techniker und Ingenieure in der Praxis und zum Selbststu- 
dium angehender Ingenieure. rlin, Loewenthal, 1906. 8vo. 4+1°8 


PP- M. 9.00 


Smoxey (C.). Parallel tables of logarithms and squares, angles and loga- 
rithmic functions, ee to given levels, and other tables ; for en- 
gineers, architeets, etc. ition. New York, Van Nostrand, 1906. 
12mo. 331 pp $3.00 
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Taytor (H. D.). System of applied optics. Complete system of formulae 
of the second order and the foundation of a complete system of the third 
order, with examples of their practical application. London, Macmillan, 
1906. 8vo. 350 pp. Cloth. 30s 


VonDERLINN (J.). Statik fiir Hoch-und Tiefbautechniker. Ein Lehrbuch fiir 
den Unterricht an bautechnischen Lehranstalten, sowie zum Selbstunter- 
richt und Nachschlagen, mit 194 Uebungsaufgaben, nebst einem Anhang 
von Tafeln. 3te Auflage. Bremerhaven, Vangerow, 1905. 8vo 11+ 
377 pp. M. 5.00 


Wacutet (A.). Anwendungen der Graphostatik im Maschinenbau mit 
besonderer Beriicksichtigung der statisch bestimmten Achsen und Wellen. 
Elementares Lehrbuch fiir technische Unterrichtsanstalten, zum Selbst- 
studium und zum Gebrauch in der Praxis Hannover, 1906. 8vo. 7+- 
146 pp. M 5.20 


Wacener (A.). Indizieren und Auswerten von Kurbelweg- und Zeitdia- 
grammen. Berlin, Springer, 1906. 8vo. 7-+ 109 pp. M. 3.00 


WrittiaMs (M. C.). Normal illusions in representative geometrical forms. 
Towa City, 1905. 8vo. 102 pp. 


Wirsowssr (A. W.) Tablice matematyczno-fizyczne. Warszawa, 1906 
8vo. 158 pp. R. 1.30 


ZAHIKJANZ(G ). Theorie, Berechnung und Konstruktion der Dampfturbi- 
nen. Berlin, 1906. 8vo. . 6.00 


ZeEMPLEN (G ). See ENcYKLOPADIE. 
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